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Abstract 



This paper addresses both necessary and relevant sufficient extremum conditions for a 
variational problem defined by a smooth Lagrangian, involving higher derivatives of 
several variable vector valued functions. A general formulation of first order necessary 
extremum conditions for variational problems with (or without) constraints is given. 
Global Legendre second order necessary extremum conditions are provided as well 
as new general explicit formula for second order sufficient extremum condition which 
^^ ■ does not require the notion of conjugate points as in the Jacobi sufficient condition. 
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1 Introduction 

The calculus of variations encompasses a very broad range of mathematical applications. 
The methods of variational analysis can be applied to an enormous variety of physical sys- 
tems, whose equilibrium configurations inevitably minimize or maximize a suitable func- 
tional which typically represents the potential energy of the system. The critical functions 
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are characterized as solutions to a system of partial differential equations, known as the 
Euler-Lagrange equations associated with the variational principle. Each solution to the 
problem specified by the Euler-Lagrange equations subject to appropriate boundary condi- 
tions is thus a candidate for extrema of the functional defining the variational problem. In 
many applications, the Euler-Lagrange boundary value problem suffices to single out the 
physically relevant solutions, and one does not need to press onto the considerably more 
difficult second variation. 

In general, the solutions to the Euler-Lagrange boundary value problem are critical 
functions for the functional defining the variational problem, and hence include all (smooth) 
local and global extrema. The determination of which solutions are genuine minima or max- 
ima requires further analysis of the positivity properties of the second variation. Indeed, as 
stated in lHJ, a complete analysis of the positive denniteness of the second variation of 
multi-dimensional variational problems is quite complicated, and still awaits a completely 
satisfactory resolution! This is thus a reason for which second order conditions of extrema 
are customary established only for functional whose Lagrangian involves dependent vari- 
ables together with at most their first order derivatives [H|3]|4][T][9]]. The aim of this paper 
is to give some satisfactory expressions of the second order extremum conditions for a 
functional whose Lagrangian also depends on the higher order derivatives of the dependent 
variables. 

2 Brief review of known results 

2.1 Holonomic constraints 

We consider functional of the form 

rb 

f (u) = / F (x, u(x),u'(x)^ dx, (2.1) 

J a 

where u <E C 2 (7,M ) , and / =]a,b[. We demand that u satisfies a holonomic constraint 

g(x, u(x))=0, a<x<b. (2.2) 

Theorem 2.1 ([9]). Suppose that F G C 2 (7 xfl) , where Q. is an open set in R 2N . Suppose 
that g € C 2 (j x W) , where W C M. N and that V„g(x, u) ^ on the set where g(x, u(x)) = 0. 
Suppose that u S C 2 (J,W) is a local extremum for J , subject to the holonomic constraint 
in \2.2\ . Then there is a function Xe C (?) such that u is an extremum of the functional 

rb 

g{u)= I [F (x,u(x),u (x)) +X(x)g(x,u(x))\ dx. (2.3) 

Remark. The Lagrangian of the functional Q in ( 12.31 ) is 

G(x,u,u') = F(x,u,u) +X(x)g(x,u) 
and the Euler-Lagrange equations are 

F uJ + Xg uJ - —F u ,j =0, j = 1 ,2, • • • ,N. 
dx 



2.2 Nonholonomic constraints 



Theorem 2.2 ([9]). Suppose that F, and g-i for j = 1,2, •• • ,m belong to C 3 (/ xfl,l), 
where D. £ R 2W and that u £ C 2 ([a,b],M. N ) is a local extremum of the functional 

rb 

7 (u) = j F (x, u(x),u'(x)) dx, (2.4) 

J a 

subject to the nonholonomic constraints 

g } (x,u(x),u'(x)) = 0, j= 1,2, ••• ,m. 
Suppose that the constraints together with u satisfy the following properties. 

(I) The matrix 

n / ,s fdg j (x,u,u') 

D u g(x,u,u ) =- 



du' k 
has rank mfor a <x<b; 

(2) The only solutions to the system of differential equations 



I 

7=1 



Suk dx 8u ' k r j 8 " ,k dx 



0, jfc = l,2,--- ,JV 



are m (x) = fi 2 (x) = ■ ■ ■ = p. m (x) = 0. 

Then there exist functions X,i,A,2, • • • ,X m defined on [a,b] such that u is an extremum for the 
functional with Lagrangian 

m 

G(x,u,u) = F(x,u,u) + V 'kj(x)g J (x,u,u'). 

j=i 
2.3 The Legendre condition 



Theorem 2.3 (H)). Suppose that u is a local, weak minimum for the functional 

rb 

7 iu) = / F (x,u(x),u (x))dx. 

J a 

Then 

N 

£ F u , iu , k (x,u(x),u'(x)) ^ > 0, Va < x < b, V^ G M*. (2.5) 

The inequality in ( 12.51 ) is called the Legendre condition. As the theorem says, it is a 
necessary condition for u to be a weak minimum. The Legendre condition says that the 
matrix 

Fu>u> = {F ul j u >k) 

must be positive semi-definite at every point along a minimum. 



2.4 The Jacobi conditions 

Consider the functional 

rb 

7 (u) = / F (x, u(x),u'(x)) dx, 

J a 

where u = (u l , u 2 , ■ ■ ■ , m") . Introduce the matrices 

F uu = (F u i u k) , F m > = {F u i u ik) , F u > u i = {F u ,i u ,k) 



(2.6) 



P= ^Fu'u', 



Definition 2.4. Let 



h 2 



q- 1 -(f -±f, 

2 V dx 



(h n ,h i2 ,--- ,h\ n ) 

(Jl21,h22,--- Mn) 



(2.7) 



h" = (h n i,h n 2,--- ,h„n) 
be set of n solutions of the linear equations called the Jacobi system 



-(/>//) +e *=o 



(2.8) 



associated with the functional (12.61) . where the j-th solution satisfies the initial conditions 

hik(a) = 0, /4(a) = 1, h' ik {a) =0, k^= i, i,k = 1,2, •■ • ,n. 
Then the point a, (a^a), is said to be conjugate to the point a if the determinant 



hu(x) hn(x) 

h 2 \{x) h 22 (x) 

h„i(x) h n2 {x) 



hi n {x) 

h 2n {x) 

iliwAX) 



vanishes for x = a. 

Theorem 2.5 (Jacobi necessary condition Q). If the extremum u corresponds to a mini- 
mum of the functional f !2.6D . and if the matrix P(x, u(x),u'(x)) is positive definite along this 
extremum, then the open interval ]a,b[ contains no points conjugate to a. 

Theorem 2.6 (Jacobi sufficient condition [3]). Suppose that for some curve y with equation 
u = u(x), the functional A2.6\) satisfies the following conditions: 

(I) The curve yis an extremum, i.e., satisfies the system ofEuler equations 

d 



dx 



F u n=0, i = l,2,,n; 



(2) Along y the matrix 

P{x) = -F u > u >(x,u(x),u(x)) 
is positive definite; 

(3) The interval [a,b] contains no points conjugate to the point a. 
Then the functional &2.6\) has a weak minimum for the curve y. 



In this work, we give an answer to the following question: What do the results of the 
four above theorems become when the vector-valued function u = (m ,••• ,u m ) depends 
on several variables x = (x l , • • • , je") and/or the Lagrangian of the used functional includes 
higher order derivatives of u! To our best knowledge of the literature, in this general situa- 
tion, there is not explicit method available to determine if a known extremum is a minimum, 
a maximum, or a saddle point. To fill this gap and provide a suitable answer to our main 
question, we establish a regular connection between the second variation of a functional and 
an operational square matrix. Therefore, by the well known result of the matrix theory, ex- 
plicit formula for the necessary and sufficient extremum conditions can be derived without 
making use of the notion of conjugate points as in the Jacobi theorems. Furthermore, the 
matrices F uu , F m > and F u > u i used in the above Legendre and Jacobi conditions are deduced 
as submatrices of a general matrix associated with the second variation. 

3 Notations for partial derivatives of functions 



Consider X, an ^-dimensional independent variable space, and U, an m-dimensional depen- 
dent variable space. Let x = (x 1 , • • • ,x n ) G X and u = (w 1 , • • • , u m ) G U. We define the space 
tfM,j€Nas: 




where id, \ is the 

w 



(3.1) 



!>,,-[ n + \ l ] -tuple (3.2) 



of all distinct &-order partial derivatives of u J . The u 1 ,^ vector components are recursively 
obtained as follows: 

i) Kroi =uJ and"m = (uL,uL,--- ,uL) . 



(0) — (1) — V jc 1 ' x 2 ' ' *" 

ii) Assume that u 1 ,^ is known. 



- Form the tuples u J < k+l \(l) '■ 



where uj k) [I] is the /-th component of the vector ul^ . 

- Construct, by iteration, the tuples ui k +1 \(0 : "a + n(l) = ^+i)(l) an ^ f° r ' = 
2,3,--- ,/?£, the vector u ] , k x Al) is nothing but the tuple u ] < k X ,{1) in which all 



components already present in u ] , k ,,{i), i = 1,2, ••-,/ — 1, are excluded. 



- Finally, form the vector 

M (fc+1) = ("(/t+ljV 1 )'"^!)! 2 )'"" '"(/t+l)(WJ 

As a matter of clarity, let us immediately illustrate this construction by the following. 
Example 3.1. • For n = 2, x = (x 1 ,x 2 ) and we have: 

"(1) = ("x""* 2 ) ' 



/ 7) rl 



j j 



(2) vv ~ V^ 1 (1) ^ 2 (1) 7 ~ \ 2xl X ' T 

"( 2 ) (2) = (a?"(i) [2] 'a? M (i) [2] ) = ("^'"^ 

5J 2) (1) = «J 2) (1) = (<i,^, v2 ) , «( 2) (2) = («^i,< 2 ) = (<a) 
"(2) = ("(2)( 1 )'"(2)( 2 )J = \ U 2x^ U x l ^^ U 2^ 

• For « = 3, x = (x 1 ,x 2 ,x 3 ) and the same scheme leads to 

"(2) = ("it 1 ' U x'x 2 ' "x 1 * 3 ' M 2x 2 ' U x 2 x 3 ' M 2x 3 
M (3) = [ U 3x l ' "iv'x 2 ' U 2x l x 3 ' "x 1 2x 2 ' U x l x 2 x 3 ' "x 1 2x 3 ' M 3x 2 ' M 2x 2 x 3 ' "x 2 2x 3 ' U 3x 3 

for fc = 2 and & = 3, respectively. 
An element «W, in the space E/w, is the 

^ = m(l+piH-/7 2 H \-p s ) = m\ J -tuple (3.3) 

defined by 

11 = ( M (0)' M (i)'' " ' M (i)' M (o)' M (i)'" ' '"(.«)'" " ' M (o)' M (i)'" ' '"(.<) J • (3-4) 

We denote by X x E/w, the total space whose coordinates are denoted by (x,«W), encom- 
passing the independent variables x and the dependent variables with their derivatives up to 
order s, globally denoted by »W, 

In the sequel, a g^-uple «w is referred to (13.41) . whereas the integers p^ and g. v are defined 
by (13.21) and (13.31) . respectively. 



4 First variation and necessary conditions for local extrema 

This section contains two parts. First, we briefly recall useful definitions and properties 
used in the sequel. Then, we analyze the variational problem with constraints, and give 
a general formulation of the first order necessary extremum condition which is rigorously 
proved. 

4.1 Variational problem without constraints: definitions and main results 

Consider a functional of the form 

7 («) = f L (x, B W ( x )\ dx (4. 1) 



where A is a connected subset of X. Let Q. be an open subset of U^ S K We assume that the 
function L, usually called the Lagrangian of the functional J , is defined on the open subset 
A X £i of X x U W and is continuous in all its n + q s variables so that the variational integral 
(14.11 ) exists. The problem consists in finding conditions that the function u must satisfy in 
order to be a minimum or maximum of the functional f , requiring that tGC I+1 (AxO,R). 
For the integral in (14.11) be defined, it is necessary that the function u G C^,(A,U), where 

{111 S Pk ] 

?eC s (A,(/) : H5>P M k) [l]{x) <+oo . 
j=\k=ai=\xeA J 

In addition, L(x,u^ s '(x)) must be defined for all x G A. This means that u^ s \x) 6 Q. for all 
x £ A. Such a function u is said to be admissible for the functional f . 

Definition 4.1. A function u which is admissible for the functional f is a global minimum 
for jF , if 7 (u) < f (v) for every admissible function v. 

Definition 4.2. A function u which is admissible for the functional J is a global maximum 
for J , if f (v) < J [u) for every admissible function v. 

A function which is either a global minimum or a global maximum is called a global 
extremum. To come up with the definition of local extrema for a functional, we need to 
have a measure of distance between two functions. 

Definition 4.3. Let § e Ci(A,U). We define the 0-norm of (j) by 



y>p|f(*)| 



and the s-norm of (j) by 



pi, 

--I , 

7 -=u-=o/=i*eA 



LLI>p<W]M 



Clearly, for s > the numbers ||(j) — \|/||o and ||(j) — \\f\\ s provide quite different measures 
of the distance between (() and \|/. These measures lead to two different definitions of local 
minima. 



Definition 4.4. A function u which is admissible for the functional J is a weak local 
minimum for f if there is an £ > such that f (u) < J (v) for all admissible functions v 
satisfying ||v — u\\ s < £. u is a strict weak local minimum if J ' (u) <T (v) for all such v with 

Definition 4.5. A function u which is admissible for the functional f is a strong local 
minimum for f if there is an £ > such that f (u) < J (v) for all admissible functions v 
satisfying ||v — u||o < £. w is a strict strong local minimum if J (u) < J (v) for all such v 
with v^«. 

Definition 4.6. A function u which is admissible for the functional f is a weak local 
maximum for J if there is an £ > such that J (w) > J (v) for all admissible functions v 
satisfying ||v — u\\ s < £. u is a strict weak local maximum if f (u) > J (v) for all such v with 

Definition 4.7. A function u which is admissible for the functional f is a strong local 
maximum for J if there is an £ > such that f (u) > f (v) for all admissible functions v 
satisfying ||v — u||o < £. w is a strict strong local maximum if f (u) > J (v) for all such v 
with v^m. 

A function which is either a weak local minimum or a weak local maximum is called a 
weak local extremum. A function which is either a strong local minimum or a strong local 
maximum is called a strong local extremum. 

Without loss of generality, we can assume that A = n"= i ] «S b l [ with a' < b' . 

Definition 4.8. A function \|/ € c(A,U) is said to have compact support in A if there is 
£ > such that \|/(x) =0 for allx = (x 1 ,--- ,x n ) withx' G ]a',a' +e[ or x l G ]b l — e,b l [ for 
some i € {1,2, •• • ,«}. The set of all functions which are infinitely differentiable and have 
compact support in A is denoted by Cq(A,U). 

Lemma 4.9. Let f G c(A,R). If f A f(x)y(x)dx = Ofor all \|/ G Cq{A,R), then f(x) = 
for all x G A. 

Given an admissible function u G C S (A,U) and any (j) G Cq(A,U), there is an £o > 
such that the function v = u + 1 (]) is admissible for all \t\ < £q. Therefore, the function 

®(t) = ?(u + t<\>)= f l(x, m (s) (x) + 1 ty® (x)] dx (4.2) 

is a well defined function of t for \t\ < £o- Throughout this paper, eo stands for such a 
number. 

Assume now that u G C S (A,U) is a local extremum of f . We may as well assume that 
u is a local minimum. We have <£>(?) = f (u + 1 (|)) > 7 (u) = ^(O) for \t\ < Eo, i.e. is a 
local minimum for <1>. Suppose that L G C l (A x D.,M) implying that <I> is also continuously 
differentiable and we must have 

<J>'(0) = 0. (4.3) 



We can calculate <J>' by differentiating (14.21 ) with respect to t under the integral sign. Doing 
so and using the chain rule we get 



dt 

d 



f L(x,u^(x)+t^ s \x)\ dx 
f —L(x,u^\x)+t^(x))dx 



m s Pk 



dL(x,u^(x) + t^ s \x)) 



III * U [h] w a /r».r *• (4 - 4) 



In particular at t = we get 



*'(°) = / A 1 1 1 *fe w w \1m **■ (4 - 5) 



Definition 4.10. The first variation of f in a neighborhood of u in the direction (j) is defined 
by 

8?(u+tM)=&(t). (4.6) 

In particular, the first variation of jF at u in the direction ty is expressed by 

5j (m,4>) = <J>'(0). (4.7) 

Notice that the first variation at u is defined in Definition 14.101 whether u is a lo- 
cal extremum or not. However, if u is a local extremum of jF , then by (14.31 ) and (14.7I ). 
8 J (w,(|)) = 0. We have proved the following first order necessary condition on a local ex- 
tremum of J . 

Proposition 4.11. Suppose that L G c'(Ax Q,M), and that u G Cf,{K,U) is a local ex- 
tremum for the functional J («) = f A L (x,u^ s '(x)) dx. Then 

8f(u,ty)=0 (4.8) 

forallty€CQ(A,U). 



The condition in ( 14.81 ) is called the weak form of the Euler-Lagrange equations. A 
function u which satisfies (14.81 ) is called the weak extremum of f . 

Now assume that the Lagrangian L € <T' V+1 (A xfl,l), and u G C^ S (A,U). Using the 
divergence theorem to successively integrate by parts (14.51 ) until all derivative actions on §■> 

dL(x,W S >(x)) . , ■ oo/»TTTl\ 

are now moved into — ' ■ '- , and taking into account that (p- 7 G C (A,K), we get 

™(*)l"J 

*rM) =[t (i(-i) k t ( ^'fyA W ] vw*- W 



If u is a weak local extremum, then ( 14.91 ) is equal to for all (j) G Cq (A, £/ ) . In particular if 
we take (j) = \|/e' , where \]/ G Cq° (A, ^) an ^ e ' * s me ' _tri vector of the canonical basis of R m , 
then we get 

for all \|/ G q^°(A,R). By Lemma |4~9l we see that 

for all ^ G A and Z = 1,2, •• • ,m. Thus, we have proved the following theorem. 

Theorem 4.12. Suppose that L G C S+1 (A xQ,R), and u G C^ S (A,U) is a local extremum 
for the functional 7 (u) = J A L(x,u^ s '(x))dx. Then 

^ f dL{x,u^(x)) 



*-^^r)J«-° 



A-0 1,-1 \ <W,J/t] 



/or all xG A and j = 1 , 2, • • • , m. 

The equations (14.101) are called the Euler-Lagrange equations. A solution to the Euler- 
Lagrange equations is called an extremum for the functional f . 

4.2 Variational problem with constraints: main results 

We want to find extrema for the functional 

7(u)= f l(x,u M (x)\ dx (4.11) 

subject to constraints of the form 

Fj(x,u M (xj) =0 j = 1,2, •■•,«' (4.12) 



for all iGA. Let £2, be open subsets of U™, i = 1, 2 such that L is defined on A x (li 
and Fj is defined on A x £22. Constraints of type (14.121 ) are called holonomic constraints if 
S2 = 0, and nonholonomic constraints if S2 > 1. In this subsection, we examine these types 
of constrained variational problems. 

For m = m', i.e. the number of equations in the system formed by the constraints is 
equal to the number of unknowns, we exploit the fact that such a system appears for the 
Euler-Lagrange equations of some variational problems |U to prove our next result. 

10 



Theorem 4.13. Suppose that L £ r s ' I+1 (A x Qi,K), Fj G C" 2+l (A x Q. 2 ,R) and that the 
function u G c2?(A,U), s = max (s\,S2), verifies the constraints \4.12\ and is a local ex- 
tremum for the functional J defined by M-.llh If a function X(x) = Ck (jc),— ,X m (x)) 
defined on A is solution of the system 



£(-l) fe £ ll - 1 V/ ri —) [h]=0 7 = 1,2,-, m (4.13) 

*=o *=i\ du (k)[ h \ J {k) 

then u is a local extremumfor the functional whose Lagrangian is 

G (x, «W (*)) = L (x, u {si \x)) + £ l l (x) Fi (x, «W (x)) . (4. 14) 



/=i 
Proof. Consider the variational problem whose Lagrangian is defined by 

ffl 

G'(x,u^(x),v(x)) =l(x 1 u {si \x)\+Y j v 1 {x)Fi{x,u (s2) {x)Y (4.15) 

where v(x) = (v 1 (x) , ■ ■ ■ , v m (x)) is viewed as dependent variable. The Euler-Lagrange equa- 
tions of this variational problem are 

* , p, fdG'(x,u^(x)Mx))\ r , 

gj =£(-*)*£ l /: w=°. (4.i7) 

j = 1,2, •• ■ ,m. Taking into account (14.151) . the expressions of Pj and <2 y give 



where 



Pj = Pj,i+Pj,2; Qj = Qj,i + Qj,2 



,|* / d L (x, U M(x)) ' 



vWE ,_^ Jft 



A-0 /,-l \ 3mLW 



S2 



iyfc ^ / ^[l^v'toM*."^*))] 



*-£(-*£! --- "" J H ; 



*=0 ;.- ! \ H)N 



k * / 3L(x, M (-)(x)) 



cfc-E^EI^-j * 



A-0 //-I \ ^mW 






A-0 /("I \ HlW 



The P ; j are expressions defining the Euler-Lagrange equations of the variational prob- 
lem (14- lib - Thus, Pjj = since u is a local extremum for the functional J . According 
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to the relations (14.13I ). the expressions Pj^ vanish when v(x) = X(x). The expressions Qj\ 
vanish since the Lagrangian L does depend neither on v nor on its derivatives. 

For j = 1,2,- •• ,m, Qj 2 = Fj{x,u^ S2 \x)) and therefore vanish since the function u 
satisfies the constraints (14- 12b - 

Finally, the Euler-Lagrange equations (14.16l )- (14.17l ) are automatically verified if and 
only if v(x) = X{x). This proves that u is also a local extremum for the functional whose 
Lagrangian is G' (x, «W (x),X(x)) = G (x, u^ (x)) . □ 

For m' < m, we redefine the problem in the following manner: Find the extrema for the 
functional 

f(u,u)= f L[x,u (si) {x)^ Si) {x)\dx (4.18) 



subject to the constraints 

Fj (x, u {si) (x) , wte) (xj\ =0 j = 1,2, • • • ,/n 



(4.19) 



for all ieA, where u(x) = (u l (x), ■ ■ • ,w w (x)) G J7, J7 being an m-dimensional space. Let 
Qi be open subsets of U^ Si ' and Q.j be open subsets of U^ Si \ i = 1,2 such that L is defined 
on A x Q.\ x Q.\ and Fj is defined on A x Q.2 x Q.2. Here, the number of equations in the 
system formed by the constraints is lower than the number of unknowns, i.e. the constraints 
form an under-determined system. Such a system appears for the Euler-Lagrange equations 
of some variational problems [2]. We then prove the following result. 

Theorem 4.14. Suppose that L G <T Vl+1 (A x^x Oi,K), Fj G C S2+l (A x Q 2 x Q. 2 ,M) 
and that the function (u,u) G cf/{A,U) x Cu S (A,U), s = max^i,^), verifies the con- 
straints A4.19\) and is a local extremum for the functional J defined by A4.18J . If a function 
I X(x) , X(x) J defined on A with 

X(x) = (X 1 (x), • • • ,X m (x)) and X(x) = ( X 1 (x), • • • ,X m (x) I , is solution to the system 



Pk 



E(-i)*E 

fe=0 A=l 



i/ii fa +eL #) ^ (*,»(*),«<*> 



BkJ^M 



[A] = 0; (4.20) 



(*) 



Pk 



K-i)*E 

fc=0 A=l 



ir=i fa+£L xl ) f t butotf*)) 



duL[h] 



[h]=0, (4.21) 



'(*) 



(*) 



j = 1,2, ••• ,m, j = 1,2, ••■ ,m, then (u,u) is a local extremum for the functional whose 
Lagrangian is 



G 



(x, u {s) (x) , «« (x)) = £ lk l (x) + £ X* (x) Fj (x, u is ^ (x) , 2^ (x) 

+ L^zZ^x),^ 1 ^)). (4.22) 
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Proof. Consider the variational problem whose Lagrangian is defined by 

ffi / in \ 

G' (xM s) M s \v,v) = £ v\x) + £ v*(x) F, (x,z/ S2) (x),^ 2) (x) 

+ L(x,w^(x),^' Vl )(x)V (4.23) 

where v(x) = (v (#),•■ ■ ,v m (x)) , and v(x) = (v^x),--- ,v^(x)) are viewed as dependent 
variables. The Euler-Lagrange equations of this variational problem are 

Pj = E (-1)* I — - — 4^ ri ; [*] = 0; (4.24) 

*=0 fc=l V owls |/tj 



*w l 



(k) 



fij=E(-i)T 



fe=0 ft=l 



, £ /aG'(x,^)(x),^)(x),v(x),v(x)) , 
1)* 7 I — V \ — — V 7; | [/j] = 0, (4.25) 



(*) 



« / 3G'(x,^)(x),^(x),v(x),v(x)) 



Rj^U-^Ll - V "'~ 7; -— M [*] = (* (4.26) 

_ » /3G / (x, M W(x),^)(x),v(x),v(x)) , 



/fe=0 /i=l 



3^)1*] 



(*) 



j = 1,2, • • • ,m, / = 1,2, •• • ,ra. Taking into account (14.23b . the expressions of P,, gr P, 

j j j 

and 5y are given by 

Pj = PjA+PjX Qj=Q Ji1 + Qj !2 ; 



where 



R j = R j,l+Rj,2> S J = S J : l + S j2 
si P* 



*:=0 h=\ 



du J {k) [h] 



(k) 



S2 Pk I d 

k 



Pj,2 = L(- l ) k L 

k=0 h=\ 



iti ( v ' +iL ?) *j (*," (i2) ,^ 2) ) 



3«{*)W 



[*]: 



(*) 



*=0 h=l\ du{ k) [h] j {k) 

I'/ii fv' +if =1 ?) f (*,«(*),«<*); 



*2 P* 

e 7 - 2 = E(-i) i E 



jt=0 A=l 



9 "(jfc) \ h \ 



M; 



(*) 
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(•*i) «Csi) 



*=0 ft=i V dv m 1"J 



W; 



«2 Pt 

^a = I(-l)T 



-/=1 






v'+n^ )Fi{x,u 



k=0 



h=\ 



MM 



[h\, 



(*) 



(*) 



5 . -t( i) fc E i ^i^h^Ml 

k=Q ft=l \ 3vf,J/l] 



[*]; 



/'A 



5 ;~2 



I(-1)*I 



ir=i ( v ' +if =1 v) f i fauMtf*')) 



k=Q 



h=\ 



H)W 



[*]. 



(*) 



The Py t i and Qj l are. nothing but the Euler-Lagrange equations of the variational problem 
(14. 18b - Hence, Pj^ = and Qj 1 = since (u, u) is a local extremum for the functional jF . 
According to the relations (14.201 ) and (I4.21I ). the expressions Pj2 and Qj 2 vanish when 

(v(x),v(x)) = (l(x),l(x)). 

The expressions R , i and 5r . vanish since the Lagrangian L does depend neither on v 
and v nor on their derivatives. 

For j = 1,2, ••• ,m, and j = 1,2, ••• ,m, we have 7? ; -.2 = ^) (x,u^ S2 \x),u^ S2 \x)) and 
5~ 2 = Yll l = \F~i {x 1 u^ S2 \x) 1 u^ S2 \x)') which therefore vanish since the function u satisfies the 
constraints (14- 19b - 

Finally, the Euler-Lagrange equations (14.24I )- (I4.27I ) are automatically verified if and 

only if (y(x),v(x)) = (X(x),X(x)) . This proves that u is also a local extremum for the 

functional whose Lagrangian is G' (x,u^ s '(x),uy s '(x),X(x),X(x)) = G [x,u ( - s '(x),vr- s '(x)) . 

D 



5 Second variation and conditions for local extrema: main re- 
sults 

This section contains relevant results which are new to our best knowledge of the literature. 
We investigate the second variation of a functional as well as the necessary and sufficient 
conditions that a function should satisfy to be either a minimum or a maximum. 

Consider a variational problem of the form (14.11 ) with the Lagrangian L € C 2 (Ax(l,R). 
Define an m x m block matrix A of second order partial derivatives of L by: 



A n 

l<j,j'<m 

with AM being again anjxj block matrix defined by 

A jf 



(5.1) 



A J J 

A kk' 



0<k,k'<s 
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where AvL is a p^ x p^ matrix defined by 



A 33 
A kk' 



d 2 L 



du 3 [h]du 3 [h' 



*(*) 



(tf)l 



(5.2) 



l<A<Pt 



Note that the matrix A is obviously symmetric by construction. 

Example 5.1. Let us construct the matrix A 33 for particular values of the integers n and s. 
If s = 1 , then 



A 33 



In this case, we have for n = 1, x = x 



\jj 



\jj 



00 ^01 



A 33 



thus 



For « = 2, x : 



A oo 
A 3 ' 3 ' 



A-" 



3 2 L 

3 2 L 
du J x dui ' 

a 2 L 



4 77 

A oi 

47'/ 



3 2 L 

duJdu{ 
d 2 L 

du{du{ 



duJduJ 
d 2 L 



d 2 L 

— ; — j 

d 2 L 



duidui' duldul' 



(x\x 2 ) 



thus 



A 33 

A 00 



A 33 



If s = 2, then 



_ #L 

duJduJ 

d 2 L 
du 1 , duJ 

d 2 L . 
du J ^uJ 



A 33 
A 01 



a 2 L 



3 2 L 



duJdu 1 . duJdu J , 



A 33 



V 



3 2 L 



9 2 l 



3 2 L 



du J 2 du J | 



3i/ i 3m ; , 

3 2 L 
3w o 3h o 



A" 



3 2 L 
duJduJ 

3 2 L 
3m ; i dw-' 

d 2 L 
du 1 \duJ 



d 2 L 



duJdu 1 
d 2 L X 



du 3 . 3m 7 
3 2 L 



3i/ 2 3" ; 



A 77 



^00 

4 7/ 
A 10 

4 7'/ 

L A 20 



4 77 
^01 
4 77" 
A ll 

4 7'/ 

A 2l 



In this case, we have for n = 1, x = x 



d 2 L 

duJdu r. 

„ x 
d 2 L 

du 1 [3m ; 2 

d 2 L X 

du 2 du 2 



A 33 
A 02 

A 33 ' 

AJf 
A 22 



A 33 
^00 

4 7'/ 

^10 

4 7'/ 

^20 



d 2 L 
duJduJ' ' 

3 2 L 
du{duJ 

d 2 L 
du^duJ 



A 33 
A 01 

4 7'/ 

A ll 

4 7'/ 

A 21 



3 2 L 
duJdui 

d 2 L 
du{du{ 

d 2 L 

— / — 7 



A 33 
A 02 

4 7'/ 

A n 

A 33 ' 

A 22 



d 2 L 

d 2 L 

duidu 3 ^, 

d 2 L 
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thus 



For n = 2, x= (x ,x 



i ^2\ 



a jj 



d 2 L 


d 2 L 


d 2 L 


duJduJ 


duJdu{ 


duidul 


d 2 L 


d 2 L 


d 2 L 


du{dui 


du x du x 


du x du 2x 


d 2 L 


d 2 L 


d 2 L 


du^duJ 


du^dui 


du^du^ 



AJf _ d 2 L 
A 00 - Wdu? ' 



All 
A 01 



a 2 L 



3 2 L 



duJdu J , duJdu 3 n 



thus 



i,/,/ 

l 02 



3 2 L 

2a- 1 



3 2 l 



a 2 L 



du'du 1 



duJctU r. 

lx 2 



A J) 



d 2 L 
du 1 . duJ 

i 2 L i 

du 1 j3mJ 



a 2 L 



3 2 L 



4 ii 



3m j 1 3m ; 1 



3 2 L 



du J 2 du J | 



3m 7 , 3m 7 , 
a „ a 2 
3 2 L 

3m 7 2 3m 7 2 



3 2 L 



3 2 Z. 



3 2 Z. 



4^ 

A 12 



3h ; . 3m 7 , 



3 2 L 



3m 7 , du J , 9 



3 2 L 



du\du J i 

a 2 2a 1 



3w 2^ M l 2 



4 ii 
A 20 



/ 3 V, \ 

3m 7 , 3m^ 

2;c l 
3 2 L 



3 2 L 
3« 7 2 3«£ 2 

d 2 L 



du i t3w^ 

3 2 L 
3m 7 2 3"^ 



/i 21 



3« 7 , du J , 

2a 1 a 1 

3 2 L 



V 2 " 



/ 

3 2 L 
3k 7 , 3m 7 ~ 

2a 1 a 2 

3 2 L 

3 m j 2^ u 2 



3 2 L 



3 2 L 



3< 2 3<i 



3m 7 2 3m 7 2 



3 2 £ 



3 2 L 



3 2 L 



All 

A 22 



du J , 3m 7 , 
2a- 1 . 2a 1 



3 2 L 



3m 7 , 3m 7 i , 

2a 1 i- 1 v 2 



3 2 L 



du 1 i 3m 7 , 

2a 1 , 2a 2 



3 2 L 



du i 9 3m 



3 2 L 



du i 9 5« I 9 

JC 1 ^ A' l X Z 



3m 7 . du J 



3 2 L 



,1,2 



\ 9": 



L^L 1 



3<23<1,2 



3M 2a 23 "2a 2 



A ;7 



3 2 L 



3 2 L 



3 2 L 



3 2 L 



3 2 Z. 



3 2 L 



duJduJ 
d 2 L 


duJdu J 

A 

3 2 L 


du-idu J 7 

„ x 
d 2 L 

du 3 , 3w 7 9 

X L X L 

d 2 L 
du 9 3m 9 

X^„ -Y Z 

3 2 L 


duJdu J , 

3 2 L 
3m 7 , 3m 7 ^ 

3 2 L 
3w -,3m , 

A 2 2a 1 

3 2 L 


du-idu J , 9 

x'a' z 

3 2 L 


duJdu 1 2 
d 2 L 


du J | du-i 

-*„ 
3 2 L 


3m 7 , du J 

x l X 

3 2 L 


3w , 3m , 9 

X 1 X 1 ,Y Z 

3 2 L 


3 "a1 3M 2a- 2 

3 2 L 


du J | du-i 

X L 

d 2 L 


3m 7 ? 3 m 7 


3m 9 3m , 9 
3 2 L 


3m -,3m t 

a 2 ,2a 2 

3 2 L 


2*„ 
3 2 L 


3m 7 ,3m 7 , 

2a 1 a 1 

3 2 L 


3m 7 , 3m 7 , 

2a 1 a 2 

3 2 L 


3 2 L 


3 <1 3 "a1a 2 

3 2 L 


3m 7 , 3m 7 , 

2a 1 2a 2 

3 2 L 


3m ; , 9 3m-/ 
3 2 L 


du i 9 3« 

X l X A X 


3 "il_ v 2 3 ^2 

3^L 


^AiA 23 "^ 

3 2 L 


du i 9 3m , 9 

X l X A X l X A 

d 2 L 


Hix2 dU 2x2 
d 2 L 


3m 7 -,3h^ 

2a 2 


du 9 3m i 


3m 7 t3m 7 , 

2a 2 a 2 


3m L 23u 2a1 


3m 3m i n 

2x 2 x l x 2 


du 9 3m 9 

2x 2 2x 2 



Let us recall the following formulation of the Taylor's theorem with the remainder, 
useful in the sequel. 
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Theorem 5.2 ([9]). Suppose that f £ C 2 (/,K), «£/, where I is an open interval. Then 



t 2 



f(a + t)=f(a)+f'(a)t+f(aY-+e(a,t)t 2 , 



where 



e(a,t)= f [f"{a + Gt)-f"(a)](\-o)d<5 

We can apply this theorem to rewrite (14.21) as 

1 



where 



«F (n + f <|>) = *(r) = 3>(0) + 0>'(0)* + ^ 2 3>"(0) + e(0,?)? 2 , (5.3) 



e(0,t) = /" [*"(«) -0>"(0)] (1 -o)da. (5.4) 



As already shown <I>(0) = J (u) and by definition <J>'(0) = 5? (w,(j)). The quantity <£>"(t) 
can be found by differentiating ( 14.4b under the integral sign and using the chain rule: 



atJA j=lk= Q h=l ou J ^[h\ 



(iitum-r^ {x)+t * {x)) U 



r m s Pk Pk ' ■ ■/ d 2 L(x uM +?d)( i ) N | 

J A j,f=ik,k'=oh=ih'=i " du J ^[h]du J ^[h'] 

<|>W (x)A (x, « ( ' v) (x) + f 4) ( ' v) (x)) V s) (x) rfx, (5.5) 

where the notation r (-) denotes the transpose of (•). In particular at ? = 0, we get 

/. m x Pi P*/ . 32 r / (.v) /- \\ 

*"(°) = / A I EEEpwW^ffK* 

JA j,j'=lk,k>=0h=lh'=l ou J {k) [h]du J {kl) [h'\ 

= f § {s) (x)A (x, w W (x)) r (^W (x) <&. (5.6) 

We then arrive at the following formulation. 

Definition 5.3. The second variation of the functional f in the neighborhood of u in the 
direction (j) is defined by 

&r(u+tM) =*"(/)■ (5.7) 

In particular, the second variation of jF at u in the direction (j) is given by 

5V(w,(|>)=3>"(0). (5.8) 
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The Taylor expansion (15.31 ) can be now re-expressed as 



*(0 



T(u + tty) = ?(u)+t5!F(u,§) + -t 2 5 2 !F(u,§) 



+ t 



I [8V (m + a?(j),(j))-8 2 iF (w,(j))] (1- a) rfa. (5.9) 



Let us also recall the following two results which are important to prove the main results of 
this work. 



Lemma 5.4 (10). Suppose that A = (ay) is anN xN matrix, and set 
Then ( || • || denotes the Euclidean norm M. N ) 

1. v ■ w < \\v\\\\w\\ for all v andw in R . 

\v\\for all v in M. N . 



If/ 



=i«y 



2. |Av| < 
5. |v-Aw| < 



|v[|||w[|jfora// v andw in 



Definition 5.5 (Positive semi-definite). A symmetric matrix A E R w ~ is called positive semi- 
definite if v ■ A v > for all v E R w . 

Definition 5.6 (Positive definite). A symmetric matrix A E R w ~ is called positive definite if 

v A v >0 for all v G R w \ {0}. 

Lemma 5.7 ([9]). Suppose that A is a positive definite N xN matrix. Then there is a 
constant k > such that v ■ A v > k\\v\\ 2 for all v in W N . 

There results the following. 

Lemma 5.8. Suppose that L E C 2 (A x 0,R), and u E C§(A,U) is admissible for J . Then 
for any 8 > 0, there is 8 > such that 



p /> III i l'k 

k(o,OI < « / III *[ k) [h](x 



dx= — 

2. J A 



<|)W(jc) 



dx 



for all (j) E Cq(A, U) and \t\ <Eq such that 
(i) u + 1 (j) w admissible for J , 
(7i) |f||a| H^^Wll < ^ far all x E AandO < G< 1. 
//ere, || • || denotes the Euclidean norm in M. qs . 
Proof. Using (15.51 ) and (15.61) . we see that 

e(0,f) = /" (l-a)[8V(" + w<|),(|))-8 2 j(M,(|))]rfa 
= j (\-a) f ^ (x) [a (x, «M (x) + m ^ (x) 
- A (x, w (s) (x)) 1 V*' (x)dxdc. 



Each entry of the matrix A is a second derivative of the function L with respect to the 
coordinates in £1. 

Let e > 0. Since all the second derivatives of L with respect to the variables in Q. are 
continuous, then the matrix A is continuous and there exists 8 > such that, for all (j) G 



\t\\o\ 



4>w(*) 



<5 



U s \x)+ta^ s \x))-u^{x) 
for all x G A, \t\ < £o and < G < 1 , where 

B(x,o,t) =A(x,u {s) (x)+at^ s) (x)) -A (x,z/ x) (x) 



B(x,a,t)\\\ <£ 



Therefore, using the continuity of the bilinear form induced by the matrix A (see the third 
property of Lemma |5T4] >. we obtain the required result: 



m s Pk 



/•l f "i v yk 

Ko.01 < 8/ M)*/£lI <fri)Mto 



m s Pk 



< HIII WK*) 



dx = — 

2ja 



dx 



f s '(x) 



<ix. 
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>-j=U=0/i=1 
Here, || • || denotes the Euclidean norm in M. q -< since (jr v )(x) G R* 1 for all x G A. 
Theorem 5.9. Suppose that LG C 2 (A x £2 , M) , a«<i w G C§(A,U) is admissible for f . 
l.Ifu is a weak local minimum for J , then for all (j) G Cq(A, U), we have 

Sj r (u,$)=0 and S 2 y (",<!>)> 0. (5.10) 



l.Ifu is a weak local extremumfor f and there is a constant k > such that 

2 



Ja 



dx 



(5.11) 



for all (|) G Cq°(A, {/), f/ien u is a strict weak local minimum. 



Proof. For the first part of Theorem 15 .9[ the assumption that u is a weak local minimum for 
J implies that t = is a local minimum for the function 4>(f ) = f (u +t (|)) . Consequently, 
= <J>'(0) = 8^" (w,(j)). The Taylor expansion (15.31 ) of <£> gives 

^(0) =2^1^ + 2,(0,0 



which leads to 



() < l im 2 ° (?) .° (0) = *"(0) = 6 2 J («,<>) 



?->0 



since lim,_> e(0,t) = and *(f) > $(0) for all f 7^ 0. 
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For the second part, we suppose that v G C§(A,U) is admissible for f . Let ty G Cq(A,U] 
so that v = u + 1 (j) for some f G R such that |?| < £q. Then 



where 



^ (v) = J (u + t<\>) = f {u) + tH (u,ty) + -f 2 8V (w,(j)) +? 2 e(0,?), 
e(0,f)= /" [8V(« + af(j),(t))-8 2 jr («,(]))] (l-a)cfo. 



By assumption, w is a weak extremum, so 8fF (w,(j)) = 0. By Lemma[510 there is £ > such 
that 



K0,*)I<t/ 4> W (*) 



dx 



provided \t\\o\ ||(j)W(^)|| < £ for all x G A and < C < 1. Therefore, using ( 15.111 ), if ||v- 

u\\ s = \t\ ||(|)|L < £ we have 



f(v) > T{u) + -5 2 !F(u,§)-t 2 \e(0,t) 



> 7{u) + 



kt 2 
kt 2 



J A 

f ^(X, 
J A 



dx — / 

4 J a 

2 

dx. 



^(x] 



dx 



Ifv^u, i.e. <|) ^ 0, then the integral on the right hand side is strictly positive, and we have 
f (v) > f (u). Therefore u is a strict weak local minimum. □ 

Theorem 5.10. Let Abe a bounded connected subset ofX . Suppose that L G C 2 (Axil,R), 

and u G C^(A,U) is admissible for J .If u is a weak local extremum for f and 



sVM)>o 



(5.12) 



for all (|) G Cq(A,U), then u is a weak local minimum. 

Proof. Let £ > 0. Suppose that v G C^,(A,U) is admissible for f . Let (j) G Cq(A,U) so that 
v = u + 1 (j) for some (£K such that |?| < £o. Then 

F(v) = 7 (u + tty) = 7 {u) + tH (u,ty) + -t 2 6 2 7 (u,$)+t 2 e(0,t), 



where 



r 1 

2 (0,t)= / [5 2 T (u + at <$>,<$>) -5 2 !F(u,<b)] (I -o)do. 



By assumption, u is a weak extremum, so 8fF (w,(j)) = 0. By Lemma[5j0 there is £ > such 
that 



\e(0,t)\<- 

l J A 



4» W W 



'"^<|mes(A)||(^|| 2 
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provided |?||a| 1 1 ^ (x) 1 1 < £ for all x G A and < G < 1. Therefore, using (15.121 ). if 

u \\s = \t\ \\ty\\s < e w i tn (j) 7^ 0, we have 

A 

7(y) > ?(u) + -8 2 !F(u,ty)-t 2 \e(0,t)\ 

> !F(u)-^t 2 mcs(A)U\\ 2 

£ 7 

> !F{u) — -£ mes(A). 



Thus, 



2 



7 (v) > J 0) - lim 



£ 9 

-£ mes(A) 



^ (M 



We have J (v) > J (u). Therefore u is a weak local minimum. D 



In part (1) of Theorem 15.91 the fact that the second variations must be nonnegative is a 
necessary condition for u to be a local minimum. 

5.1 Legendre necessary conditions 

According to Theorem l5.9[ if u is a weak local minimum for the functional J , then h 2 f («, (}>) > 
for all (|) G Cq(A,U). Here we find some natural and nontrivial consequences of that con- 
dition. 

Construct nonzero functions \|// by \|/o = 1 and for I = 1,2, • • • ,s 

{0 _oo <3 ;<-l 

l-y'sign(y) -l<y<+l 
+l<y<+oo 

if / is odd, and 

'0 _oo <3 ;< -1 

Vi(y) = \ I-/ -i<y<+i 

+1 <y <+oo 

if / is even. 

It is clear that \|// G <T°° (R \ { - 1 , 1 } , M) and satisfy \|/; (y) = for all y with |y| > 1, i.e. 
\|// G <: ( ~(R\{-1,1},R). Furthermore, \|/, G c(R,R) with\|//(-l) = Y/(1) =0. We also 
have 

(¥/)(/)[l]WeH!,0,+I!} VyGR (5.13) 

that is (yi)n\ [1] is constant on R. Thus, 

(¥/)(Z+v)[l](y)=0 VyGR,V>l. (5.14) 

Let xo = (xq,--- ,Xq) G A. Since A is an open subset of R", there is r^ > such that 
B(x ,r ) = {* G R" : \\x - x \\ < r } C A. Let % = (§ 1 ,.-- ,%") G R m and < £ < % 
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Set §i(x) = ((j); 1 (x) , ■ ■ ■ ,§f(x)) ■ XB(xo,r )( x ) where XB(xo,r ) * s ^ e characteristic function of 
the set fi(jco,ro) and 

tf(*)=$V|>,(^). (5.15) 



Clearly, the support of (()/ is a compact contained in A. We have for all k G N and h 
1,2,--- ,Pk 

. h\i\) £;-'8'- fc (vi//)„.,HI I " 



#)^ [*](*) =5V-*( ¥/ ) w [1] -^- (5.16) 



for some i(h) £ {1,2, •• • ,«}. Using (15.131 ) and (15.141) . we see that 

ti) [h]e{-Z,U\,0,+Z> J n} Vh = \,2,---,P, (5.17) 

and for v > 1 

Uj) [h]=0 \/h = 1,2,- -,Pi+v (5-18) 

V / (/+v) 

Therefore, if u is a weak local minimum for the functional f , we have for all I = 0, 1 , 2, • • • ,s 



0<8V(k,4>/)=/i+/2+/3, (5.19) 



where 



■ / If-«oII<io _/,/=! k,*r=/+l h=\h'=\ 
tf) \h}(x)U{) mx) ^^ 11 ^ dx; (5.20) 

C m l-\ I Pk Pk' 

h = 2/ I I I I I 

(♦/) WW (*{) [h'Kx) ^^ dx. (5.22) 

v y W v 'W du J (k) [h\du ] {kl) [h'] 

Of course, if / = there is not the integral ^3. If s = I\ and 1$ do not exist. By (15.181) . we 
see that h = 0. Using (15.151 ) and (15.161 ) in (15.211 ). we have 



h 



r £ ^/ £ ^('.« (,) W) 



Ah) _ A h ) \ ( J(h') _ A h ') ' 



X Xq \ . r ^ n / X x n 

'wm — ; — w)(oi 



x (vOm [1] ( - - ° (V*)m [1] IT" 2 - I dx. (5.23) 
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If we set x = xo + £ v then dx = e" dy and using (15.131 ). h satisfies 
In a similar way, /3 becomes 

h = 2£ n £ 2l -( k+k ' 



dy. (5.24) 



in (\-\ I p k Pf 

B<1 l^i i e e (¥«) W [i] (y (A) 

x ( ¥l)ft0 [1] (/*)) 32L(X0 + £y ' M(? ! (X0 + £y)) | dy. 
Substituting (15.241 ) and (15.251) into ( 15.191 ), we have 



< £ §V 



(/!) 



\\ 2 



r & d 2 L(x + ey,u^(x + ey)) 
J\\y\\<^ h }r = i duL[h]duL[h'\ 



i-i i Pk Pk> 



remains 



(5.25) 



(5.26) 



r t-i i Pk Pk' , 

+ * 2l - {k+k) / B<1 E I EE (¥')«[!] / A) 

■ / l|y||< 1 ifc=of=*+u=ife'=i 

t \ rn /" WA ^ L (*° + e ?' " W ( Xo + £ - y )) j 
x (Y»V) [l](/ k } J — v J Z7i J ,,,, — L dy 
v ' ou J (k) [h}du J {kl) [h'\ 

We have £ 2 MW) — > o as £ -> since in Z 3 , 2/ - (&+#) > 1. 
Therefore, as £ — > 0, the second term in ( 15.261 ) vanishes and it r 

o<(/ ! ) 2 £^Y£ 3;l(j °-"'"' (j " )) 1/ * 

from which we deduce 

I ( £ yL V ( 'fr)) W^ . 

Since xo G A and £ G M m are arbitrary, we have proved the following theorem 

Theorem 5.11. Suppose that L G C 2 (A x 0,R), and u is a weak local minimum for f . 
Then for all x G Kandl > = (^ , • • • , ^ m ) G M m , 



(5.27) 



(5.28) 



j(j d2L ^jAw>o 1 = 0,1 

jj'=i \h,h'=\ duL [h]duL [h'\ J 



2 ■■■ s 



(5.29) 
T {i)W u \l)\ "" 

i.e. for all x G A, the square matrices Ajj (x,u^ s '(x)^ , / = 0, 1,2, • • 
definite. 



"5 5 



5, are positive semi- 
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The inequalities in ( 15.291 ) are called the general forms of Legendre conditions. They de- 
fine by Theorem l5. 1 ll new necessary conditions for u to be a weak local minimum of f . We 
say that the function u satisfies the strict Legendre conditions if the matrices Aj] (x,uS s > (xj) , 
I = 0, 1 , 2, • • • , s, are positive definite, uniformly for all x £ A. 



5.2 Relevant sufficient conditions 



Part (2) of Theorem 15.91 gives us a sufficient condition for a function to be a minimum. 
However, the conditions involving the second variations are not easy to satisfy. So, the 
results of this subsection are useful as they imply the condition (15.111) . 

Theorem 5.12. Suppose that L £ C 2 (A x 0,R), and u is a weak local extremum for J . If 
the matrix A (x, «W (x)) defined by 0.71 ) is positive definite for all x £ A, then u is a strict 
weak local minimum. 

Proof By EM . ( T5781 ) and Lemma|5771 for all §£Cq(A,U) we have 



5V (u,<|0 = /" ^ s) (x)A (x,u W (x)) y- v )(x) Jx > jfe /" 



Wf 



ox 



for some /: > 0. By part (2) of Theorem 15 .9[ u is a strict weak minimum for J . 



□ 



Theorem 5.13. Lc? Abe a bounded connected subset ofX. Suppose that L £ C 2 (A x Q,R), 
a^fi m w a wea^ /oca/ extremum for J . If the matrix A (x,u^(x)) defined by ( I5.il ) w sera/- 
positive definite for all x £ A, ?/jc« w « a wea& /oca/ minimum. 

Proof. By hypothesis, the function V (x; (|)) = (j)^ (x) A (x, «w (x)) T ^ (x) is continuous and 
positive on A for all (j) £ Cq(A,U). Therefore, by EJB and EM . for all (j) £ Cq(A,U), we 
have 

5V (m,4>) = / 4> w (x)A (x,u w (x)) V*)(x)dbc > 0. 

Thus, by Theorem 15 .101 u is a weak minimum for J . □ 



The second variation of J is given by 



5 2 jF («,«|>) 



I I tfa to A «' (*> « (i) to) r <l4 to <** 



A j,j'=\k,k'=Q 



m s 


L L 


7,/=U=0 



^*Va+2E*(fl^% 



*'=0 



= /l+2/ 2 , 
where the matrices A^, (x, w^ (x)) are defined by (15.21) and 

r m s ■ ••/ •/ 



A 7 ,/=lfc=0 



ox 



(5.30) 



(5.31) 
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m s s 



E EE*« A *%>*- 



Integral /i can be rewritten as 



;=i 



jj' = lk=()k'=0 

k'^k 



E^)^%+2lI^Ai(V 



(5.32) 



W 



7 - 



Jx 



Ji+2J 2 , 



n m s 



V=u=o 

m m s 



W.EEEtf« A *y«*- 






(5.33) 
(5.34) 

(5.35) 



Thus, the second variation can be written as 

8V M) =/i+2/ 2 = 7i+27 2 + 2/ 2 =/i+2(7 2 + / 2 ). (5.36) 

We can now prove the following new sufficient condition. 

Theorem 5.14. Suppose that L £ C 2 (A x n,R), and u is a weak local extremafor J . If 

(i) Ji + h > 0, and 

(ii) the square matrices A J k J k (x, u^'(x)) are positive definite for all x £ A, i.e., satisfy the 
strict Legendre conditions, 

then u is a strict weak local minimum for J . 

Proof. We have shown that 

5V(m,4>)=/i+2(/ 2 +/2), (5-37) 



where J\ , 7 2 and 7 2 are defined by (15.341) . (15.351) and (15.321) . respectively. By condition (ii), 
using the Lemma [5771 there exist constants a J k > such that 



m s Pk 



A ;=U=0 



A ;=U=0/7=1 



> «/ III WflWw) ^ = a / * w (* 



<ix, 



(5.38) 



where < a = min < a J k , I < j <m,0 <k <s> .By condition (i) and the inequality (15.38I ). 
the second variation ( 15.37b satisfies for all (j) 6 Cq(A,U) the inequality 



5VM)>ocf 4>M(x) 

JA 



dx. 



Consequently, by the second part of Theorem 15.91 u is a weak minimum for ^F . 



(5.39) 



□ 
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Corollary 5.15. Suppose that L £ C 2 (AxH,R),u is a weak extremumfor f . If 

(a) for all k^k! ', the bilinear forms defined on W k x W k ' by the matrices A kk , (x, u^ s ' (jc)) 
are positive for all x £ A, and 

(b) the square matrices A J k J k (x, «« (%)) are positive definite for all x £ A, 
^/jerc m w a sfn'c? weak local minimum for J . 

Proof. It suffices to show that condition (i) in Theorem 15. 14l is satisfied. We have 

n m m s Pk t t 

J 2= LLL E ^ k) [h}A{{[h,h'} T ^[h']dx>0 (5.40) 

J ^j=l/=ik=0h,h'=l 

since by condition (b) the integrand is always positive; 

m s s Pk Pk' 



h = / I I I I I ^ k) [h}Aii,[h,h'] T ^[h'}dx, (5.41) 

JA j.j'=lk=Ok'=oh=lh'=l 

k'^k 

since by condition (a) the integrand is always positive. Therefore Ji + h > 0. □ 



6 Applications 

To conclude this work, let us analyze some applications. 

Example 6.1. Consider the problem of finding extremum point u = u{x) with x £ [a,b], of 
the functional f defined by 









?"(") = 


= / yl+u x (x) 2 dx. 


The Lagrangian 


of this functional is 

l(x 






,u^)=^\+ul 


The extremum must 


satisfy 


the Euler-Lagrange equation 








dL 
du 


d fdL\ 

dx \du x J 


which gives 








U-XfX (\ 




3 — U. 










(\ + uiy 



The general solution of this equation is u(x) = c\x + C2, where c\ and C2 are constants 

determined by the given end point constraints. 

Determine the matrix A associated to the second variation of this problem. 

Mo Mi 
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where 



100 



d 2 L 
dudu 



0, A 



01 



d 2 L d 2 L 

——=0, A l0 = ——=0, 

OUOUr OUrOU 



An 



d 2 L 
du x du 



1 



(1+If 



2^' 



Thus, 








(i+»?) 3 J 

It is clear that the matrix A is positive semi-definite. Therefore, the found function u, solu- 
tion to the Euler-Lagrange equation, is a minimum point to the functional f . 
Note here that the Legendre necessary conditions are well satisfied. Indeed, Aoo > and 
An>0. 

Example 6.2. Consider the problem of finding extremum point u = u(x) with x G [a,b], of 
the functional J defined by 

J (u) = / u{x)J\ + u x (x) 2 dx. 
The Lagrangian of this functional is 

L(x,m (1) ' 



u\ \ +ui. 



The extremum must satisfy the Euler-Lagrange equation 

dL d fdL 
du dx \du x 



which gives 



\-\-u 2 — uu x 

(\ + u 2 Y 



0. 



The general solution of this equation is u(x) = c\ cosh ( ^p- j , where c\ and ci are constants 

determined by the given end conditions. 

Determine the matrix A associated with the second variation of this problem. 



Aoo Aoi 
Aio An 



where 



d 2 L d 2 L 

Aoo = ^r^ = 0, A oi 



dudu 



An 



dudu x a/T+mJ 
d 2 L 



, Aio 



d 2 L u x 

du x du ^l+u 2 '' 



du x d 



* m * {i+u 2 y 
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Thus, 







u x u 

\/l+«| (1+ M 2)2 

It is clear that the matrix A is neither positive semi-definite nor negative semi-definite (i.e., 
—A is not positive semi-definite). Hence, the found function u, solution to the Euler- 
Lagrange equation, is neither a minimum point nor a maximum point to the functional 
J . Therefore, we can conclude that this function u is an instable equilibrium point. 

Example 6.3. Let A be a connected subset of R 2 . Consider the problem of finding the 
function (V,m 2 ) , where u l = u 1 (V,x 2 ) ,u 2 = u 2 (V,x 2 ) with (V,x ) G A, which is an 
extremum of the functional J defined by 



7 (u\u 2 ) 



L(x 1 ,x 2 ,u 1{1) (x\x 2 ),u 2W (x\x 2 ))dx 1 dx 2 , 



where the Lagrangian L is 



M 2 



.1 \ 2 



+ {u 2 ) +(u l xl ) +(4) +(« 2 ,) +(u 2 x2 ) +-( M v- M ii4- M J4). 



Extremum of the functional $ must satisfy the Euler-Lagrange equations 



dL 



dL 



dx [ \ di 



d I dL 

dx 2 \ du l 2 



dL d dL\ d dL 
d^~dx 1 [d^j~dx 2 [d^ 



which give the system 



2u + — u —2u 2x i+u v 
2u + -u l —2u\ x i+u 



i ,-2 — ■2 u 2x 2 — 



2u 2 x2 =0. 



The general solution to this system is 



u (x ,x ) 



c$e 2 x + c 6 e 2 x + c 7 e 2 x + c& e 2 ^ 

_\/3 r 1 _^Iv2 \/3 T l 73,2 

cie 2^+ C2e 2 -^ + C3 e 2 ^ + C4 g 2 -^ 



7/1 ?\ _ j/3 -,1 _v2 v 2 V3 r l i^_2 

w (x 1 ,x z ) = cie 2 I + C2 e 2 ^ + C3e 2 * + C4 g 2 ^ 
+ c 5 e 2 +c 6 e i x +c 7 e 2 X +c & e z x , 

where the constants a are determined by the given boundary conditions. 
Determine the matrix A associated with the second variation of the functional f 



A 11 A 12 
A 21 A 22 
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with AM defined by 



We have: 



a jj 



aJJ aJJ 

99, °.\ 

\]J aJJ 



A u 



l 10 



4 11 



A 21 



d 2 L 
du\ du 

d 2 L 



d 2 L 

3« 2 , du l 

d 2 L 



d 2 L 
du [ du [ 
d 2 L 1 



2, 



du 2 du [ 2' 











A 12 



4 22 



4 12 



4 22 - 
A 10 



3 2 L 1 

du [ du 2 2' 
d 2 L 



du 2 du 2 

3 2 L 
dirTdi? 

d 2 L 
3m 1 ., dw 2 

X A 

d 2 L 
3« 2 , 3w 2 

d 2 L 
du 9 3w 2 

v z 



o 








I 11 

M)l 



4 21 
M)i 



du'du 1 , 3m 1 3m 1 , 

r 1 r z 



3 2 L 

3 2 L 

du 2 du j du 2 du j 



3 2 L 
3 2 L 



[ 
[ 



» 12 

l oi 



4 22 
A 01 



3 2 Z. 



3m'3h 2 1 3m'3h 2 2 



3 2 L 
3m 2 3m 2 



3 2 L 
m'Sh 2 

3 2 L 
3m 2 3m 2 



[o 



o], 



4 12 



4 21 



3 2 L 



-i 1 , 3« 2 
3 2 L 



3w , 3m , 

32r 



3w ,3w , 



^3^~ 
3 2 L 

r 1 v 1 



3 2 L 
3m 1 , 3« 2 



l uu 2 

i2j 



3 2 L 
3m i 9 3w 2 9 

3 2 L 

3w i 3« 9 

r 1 r z 



3 2 L 3 2 L 

3m 2 , 3m 1 i 3m 2 , 3m 1 , 

j-Z yl r z yZ 













which give 






4 22 



3 2 L 3 2 L 

% 2 L \ 2 L 

du\du\ 3w 1 9 3« 1 9 

X L X 1 X L X L 



d 2 L 



3 2 L 



3 2 L 



3m 2 , 3m 2 , 3m 2 , 3m 2 , 

i" r X X 



3 2 L 



3w 2 9 3w 2 , 3w 2 9 3« 2 9 

X A X 1 X A X A 



2 -2- 

\ 2 



and hence 



,12 







2 






2 




J_ 

2 






A 21 


, A 


11 _ 





2 


l 








_ 


l 

2 


2 








1 

2 





1 




2 


1 

2 


2 










l 


2 



















2 



















2 


1 

2 













l 




2 





1 22 



29 



It is easy to see that the matrices A J k J k , k = 0, 1, are all semi-positive definite. This implies 
that the Legendre necessary conditions for minimum point are satisfied. Furthermore, the 
matrix A is positive definite. Thus, we can well conclude that the found solution (u l , m 2 ) to 
the Euler-Lagrange equations is effectively a minimum point for the functional f . 

Example 6.4. Let A be a connected subset of M 2 . Consider the problem of finding a func- 
tion u = m(x ! ,x 2 ) with (x J ,x 2 ) G A, which is an extremum of the functional 7 defined 
by 

F(u)= I L (x l ,x 2 , u (2) (x l ,x 2 )) dx l dx 2 
whose Lagrangian L is 



U 2 + U 2 l + U 2 2 + u\ x l + U 2 l x 2 + u\ x 2 

1 , 

- [U x \ U x l + U lx \ U x \ x 2 + U lx \ U 2x 2 + U x \ x 2U lx l) . 



The extremum must satisfy the Euler-Lagrange equation 



dL 



dL d 

du dx l \ du r \ 



dL 



+ 



a a 



dL 



+ 



d d 



dL 



+ ■ 



dx 2 \ du x i J dx l dx l \ du 2x 
d d ( dL 



dx x dx 2 \du x \ x 2 ) 3x 2 3x 2 \du 2x 
which gives the equation 

LU — 2M2 x l + U x \ x 2 — 21*2^2 + LU^yA — U^ x \ x 2 + U 2x \ 2x 2 ~ ft 1 3a: 2 ~^~ ^-U^ x 2 = 0. 

The general solution to this equation is 



(6.1) 



(6.2) 



u (x\x 2 ) 



e 2 



1 



c\ cos ( -x I + c 2 sin I -x 



1 



V3 V 1 



+ e~ 



_%/3 2 

e 2 



V3 V 2 

+ e~ x 



c 3 cos ( -x I + c 4 sin I -x 

C5 cos I -x I + C(, sin I -x 
c 7 cos ( 2 x2 ) + c « sin ( y^ 



where the constants c; are determined by the boundary conditions. 
Determine the matrix A associated with the second variation of f : 



A()0 A()i A()2 

Aw An A u 

A 2 o A 2 i A 22 



where 



100 



d 2 L 
dudu 



i() 2 



d 2 L 



d 2 L 



d 2 L 



dudu 



2, 1 



dudu 



I .,2 



dudu. 



2x 2 



[000 



30 



110 



d 2 L 
ouTou 

A 

OU20U 








A01 



d 2 L 
auau\ 



d 2 L 
dudu 2 



[ 



An 



d 2 L 
3w 1 du 1 

A" 1 X 1 

d 2 L 
3w odu 1 



112 



d 2 L 
du 1 du 2 

A" 1 X A 

d 2 L 

3tf 2^W 2 



9 2 L 
3w ,i3w ? 



9 2 L 



d 2 L 

d 2 L 
du idu 1 7 



121 



9 2 L 
3 2 L 

A" 1 XT A' 



A 2 



9 2 L 
9 2 L 



9 2 L 
d 2 L 

0U\2OU2 

X 1 XT' X 

d 2 L 



d 2 L 
d 2 L 

ouTTou 

X L JCr 

d 2 L 
ouT^au 



000 
000 











"00" 


= 











A22 



Thus, 



d 2 L 

'du^idu 1 

d 2 L 

d 2 L 



d 2 L 

du 2.^\K 2 
d 2 L 

du x^x 2du x^x 2 
d 2 L 

du 2x2 du xlx2 



d 2 L 

du 2x ldu 2 

d 2 L 

du x^x 2du 2x 2 

d 2 L 
3" 2x 2Su 2x 2 



2 










2 

_i 
2 














1 

2 

2 









2 


















_J_ 

2 

2 
_i 

2 







2 
2 



It is easy to see that the matrices A^k, k = 0, 1,2 are all semi -positive definite. This implies 
that the Legendre necessary conditions for minimum point are satisfied. Furthermore, the 
matrix A is positive definite. Thus, we can well conclude that the found solution u to the 
Euler-Lagrange equations is effectively a minimum point for the functional f . 
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